Semiparametric Identi...cation and Estimation of Multinomial

Discrete Choice Models using Error Symmetry
Arthur Lewbel? Jin Yan? Yu Zhou*

Original February 2019, revised December 2021

Abstract

We provide a new method to point identify and estimate cross-sectional multinomial choice
models, using conditional error symmetry. Our model nests common random coe¢ cient spec-
i...cations (without having to specify which regressors have random coe¢ cients), and more
generally allows for arbitrary heteroskedasticity on most regressors, unknown error distribu-
tion, and does not require a “large support” (such as identi...cation at in...nity) assumption.
We propose an estimator that minimizes the squared dicerences of the estimated error den-
sity at pairs of symmetric points about the origin. Our estimator is root N consistent and

asymptotically normal, making statistical inference straightforward.

1 Introduction

Traditional multinomial choice models, such as multinomial logit (MNL) and multinomial probit

(MNP), e.g., McFadden (1974), assume homoskedastic errors. However, in reality substantial
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unobserved heterogeneity is common, e.g., Heckman (2001). We provide a new method to point
identify preference parameters in cross-sectional multinomial choice models in the presence of gen-
eral unobserved individual heterogeneity. Our identi...cation is semiparametric, in that we do not
specify the joint distribution of the latent errors, and we allow for arbitrary heteroskedasticity with

respect to most regressors, including possible random coe¢ cients. We propose a corresponding



and Tang (2016) in contrast ...nd that symmetry, when combined with conditional independence



Using the analogy principle, we construct a corresponding estimator that minimizes the
squared dicerences of the estimated error densities at each data point with its corresponding
symmetry point. We show this minimum distance estimator is root N consistent and asymptoti-
cally normal. Computing the objective function of our estimator does not entail either numerical
integration or deconvolution techniques, which are often required by random coe¢ cients mod-
els. Moreover, our estimator does not require specifying which covariates, if any, have random
coe¢ cients, and is no more or less complicated regardless of how many covariates have random
coe¢ cients, or any other more complicated forms of heteroskedasticity.

Many methods have been developed for identifying and estimating utility function parame-
ters with cross-sectional multinomial choice data. Many of those methods assume independence
between the covariates and error terms, ruling out the possibility of individual heterogeneity such

as random coe¢ cients (Ruuluydence



the general multinomial choice case, we show root-N consistency and asymptotic normality of our

estimator, and we provide proofs for all of our theorems.

2 The Model and Identi...cation

2.1 The Random Utility Framework

To simplify notation and presentation of our results, for the main text of this paper we restrict
attention to the case of three choices, with the relative utility of the outside option, denotedj =0,

normalized to equal zero. General results for an arbitrary number of multinomial choices, and



single outcome likeyp, because the choice of any one outcome depends on the utilities of all of

the outcomes.



an absolutely continuous density function, f- », (t1;t2) X ), which is centrally symmetric
about the origin, i.e.,

fop, (Tt X )= fopm, (25t 2] X))

for any vector (ty;t2)",



11, this yields the equations

@E(Yojz=z ;X =X ) @Pr(yo=1ljz=2z ;X =X )

_ 4
@z@1% @z@1% @
=fur, Z 9 X10 %z, XZO °jX =X (1 %
and
@E(ojz=2 2X ;X =X)_@Pr(yo=1jz=2z 2X ;X =X) (5)
@z@1% @z@1%
=fr, 42 xP %z xPOIX =X (D)%

The left sides of equations (4) and (5) are both identi...ed, and can be estimated as nonparametric
regression derivatives, given a value of . If = ©°, then by the symmetry Assumption 12, the

right sides of equations (4) and (5) are equal to each other. De..ne the functialy( ;z ;X ) as



have positive probability measure for any in the parameter space other than °. Assumptions
14 and 15 give one set of conditions that su¢ ce.Assumption 14 provides a subset of the support
of covariates with positive measure on which the functiondg( ;z ;X ) can be identi...ed, while
Assumption 15 ensures that symmetry points are unique.

Given these assumptions we obtain identi...cation as follows. All proofs are in the Supplemen-

tary Appendix.

Theorem 2.1 If Assumption | hold, then the parameter vector °© 2 is point identi...ed by

De...nition 2.1

2.3.1 Discussion

Theorem 2.1 used expectations of/g. Additional identifying information (resulting in more e¢ -
cient associated estimators) can similarly be obtained fromy; and y»,. Details are in the supple-
mental appendix.

The conditional independence betweerz and " in Assumption I1 is known as a distributional
exclusion restriction (Powell, 1994, p. 2484). This allows for interpersonal heteroskedasticity on
a subset of covariates: Higher moments of can depend (in unknown ways) onX , but not z.
Assumption 12 is our error symmetry restriction. Without loss of generality we assume that the
point of symmetry is the origin, because any nonzero term could be absorbed into the intercept
of the utility index as discussed in equation (1).

Assumption I3 assumes a compact parameter space, which is a standard assumption for many

nonlinear models, including semiparametric multinomial discrete choice models. Assumption 14(a)



Assumption 15(a) ensures that the error density functions in (4) and (5) are evaluated at

interior points of their support. Assumption I5(b) requires that the error density function has

a unique (local) symmetry point over a subset of its support,& (X ). This does not rule out

densities having fat sections, but it does limit the range of any such fat sections.

2.4 An Alternative Identi...cation Strategy

Existing binary choice estimators that make use of latent error symmetry (e.g. Chen (2000) and
Chen, Khan and Tang (2016) are based on the error distribution function rather than on the
error density function as in Theorem 2.1. To illustrate, take a simple binary choice model where

y=1l(z+a+v 0).If visasymmetric random variable around zero andv ? z, then

E(yjz=c)=Pr(v c a=Pr(v c+a=E@ yjz=c 2a) (8)

The constant a is identi...ed by equating the above two expectations, which only requires estimation
of the conditional mean ofy and not its derivatives. This immediately extends to identi...cation
of covariate coe¢ cients instead of just a constant.

We could have similarly based identi...cation and estimation of our multinomial on the dis-
tribution instead of the density of the errors, and thereby only required nonparametric regressions
and not their derivatives for estimation. However, unlike the binary choice case, identi...cation and
estimation using the distribution instead of the density of the errors becomes complicated and
clumsy in the multinomial setting. This is because, in the binary choice case, error symmetry just
equates two conditional expectations, corresponding to two error intervals, while for multinomial
choice, one must equate error rectangles.

To see the issue, begin again from equation (3). Lefa; b] be a rectangle in the support of
". Point a = (a1; ap) is the lower left vertex of this rectangle andb = (b1;y) is the upper right
vertex. By central symmetry, the probability of " being in the rectangle[a; b] =[as; 1] [a2; ]

is the same as the probability of" being in the rectangle[b; a]=[ b 1;a 1] [b2; a »]. This
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then implies
z z z

fooo, (t;to) X ) dt = fo, (L1t 2 X)dt = fuom, (tg;t2) X)) dt; 9)
[a;b] [a;b] [b;a]

where the ...rst equality in (9) holds by Assumption A2 and the second one holds by changing of
variables.’

The integrals on both sides of equation (9) can be computed using the conditional distribution
function of ", which in turn is obtained from the conditional expectation of yg. For example,

consider the left-hand side integral:

f.tjX)dt = Pra " bjX)
Pr@ir "1 bpa "2 kpjX)
Pr("1 b;;"2 kpjX) Pr("i<ag"z bjX)

Pr("1 bi;"2<azjX)+Pr(" 1<ap"2<azjX):

[asb]

(10)



We prefer to identify and estimate by matching each point in the data using densities, rather
than by matching rectangles using distributions, for many reasons. First, equating error distri-
bution rectangles involves more tuning parameters, since rectangles need to be chosen. Second,
matching densities only requires ...nding enough pointz(= z ;X = X ) in the data that have
matches(z = z 2X ;X = X ) that lie in the support of the covariates. In contrast, each
matching rectangle requires ...nding an entire range of covariates that lie in the support and has
a range of matches that also lie entirely in the support. Third, to gain e¢ ciency we will later
create more moments by replacingyo with dicerent choices y;. When matching density points,
the same covariate values (points) that work for any one choicg will also work for any other
choice. The same is not true for matching distribution rectangles, because for rectangles each
match entails pairs of observations rather than individual observations. Finally, the computation
cost of estimation is lower for equating error densities than for distribution rectangles. For a

sample of sizeN, we compute error densities at2N points, while in contrast, using rectangles

would entail computing the error distribution at N(N  1)2 points.

3 A Minimum Distance Estimator and its Asymptotic Properties

3.1 Population Objective Functions for Estimation

Given the identi...cation strategy described in Section 2, we develop a minimum distance estimator
(hereafter, MD estimator) for ©2  using the identifying restriction do( %,z ;X ) =0, where
do is de...ned by equation (6). Note that the functiondg( ;z ;X ) is well de...ned if both points

(z ;X )Yand(z 2X ;X ) are in the interior of the support of covariates, S, .x y. For this

reason, we only wish to evaluate the functiondg( ;z ;X )



the range of these values. De...ne functiong() and &() by

0 ;X 5. &@Z:X)& z  2X ;X &(z 2X_;X); (11)

and

&(z:;X) 1(zj c1) 1(Xj Cp). (12)

Here the absolute value of a vector or matrix,j j, is de...ned as the corresponding vector or matrix



3.2 An Estimator

We now provide an estimator for function dg ( ;zn; X n) in (13) as
d\O;n (:zn;Xn) .,\gz;)n (Zn;Xn) Afzzs)n (Zn;Xny ): (14)

where .,\gz;)n (zn; X n) and ’\f:zs)n (zn; X n; ) are leave-one-out, Nadaraya-Watson nonparametric
regression kernel estimators for the derivatives on the right hand side of equation (6) (see the sup-
plemental appendix for details). By replacing the expectation inQq ( ) with its sample mean and

replacing the function do( ;zn; X 1)






Qnj ( ) over each choice. We also extend all our results to multnomial choice with an arbitrary

number of choices, instead of just three as above.

4 Monte Carlo Experiments

In this section, we use Monte Carlo experiments to study the ...nite-sample properties of the
minimum distance (MD) estimator proposed above. We consider four data generating processes

(DGPs). In each DGP, individual n$ utility from alternative |, up;, is speci...ed as

Upj = Znj + Xpj n+ "nj forn=1;2;:5N andj =0; 1;2: a7



Table 1: Monte Carlo Results of estimating °© (True Parameter ° =0:2)

MNP MD ( yo) MD (Y 0; Y1:Y2)
DGP N Bias RMSE Bias RMSE Bias RMSE
1 1000 -0.0012 0.0435 0.0216 0.2368 -0.0017 0.1337
2000 -0.0010 0.0307 0.0055 0.1355 -0.0078 0.0788
2 1000 0.5656 0.5833 0.1047 0.3521 -0.0392 0.3048
2000 0.5627 0.5714 0.0543 0.2308 -0.0289 0.1747
3 1000 -0.0013 0.0454 0.0317 0.2220 0.0015 0.1417
2000 -0.0017 0.0319 0.0158 0.1301 -0.0051 0.0812
4 1000 -0.7512 0.7718 -0.0054 0.3765 -0.0748 0.3550

2000 -0.7481 0.7585 0.0180 0.2616 -0.0343 0.2149

covariates. Under all four DGPS our MD estimator remains consistent.

Table 1 reports the bias and root mean square error (RMSE) of each estimator in our simula-
tions. The ...rst set of columns reports the MNP estimator, the second reports our MD estimator
using only yo, while the third uses observations of all choicesyy, y1, and y2 (MNP also uses
observations of all choices).

Under DGP 1, the MD estimators have small ...nite sample bias, and RMSEs two to four times
larger than that of the correctly speci...ed e¢ cient MNP estimator. Under DGP 2, the bias of
the misspeci...ed MNP estimator is around three times the true parameter value, and this bias
remains as the sample size is doubled. In contrast, the bias and RMSE of the MD estimators are
much smaller than the MNP estimator, and they decrease sharply as the sample size increases.
In DGP 3, the random coe¢ cients MNP is correctly speci...ed, and so performs better than the
MD estimators in terms of bias and RMSE. However, in DGP 4 where the random component
is heterogeneous, the bias of MNP is almost four times the true parameter value and does not
vanish as sample size grows. In contrast, the bias of the MD estimators is still relatively smaf.

In all the DGPs, in terms of RMSE, the MD estimator using Vg, Y1, and y, performs better than

®We speculate that the bias in the MD estimators might be further reduced by a bandwidth search, and/or using
local linear estimation for the ...rst stage choice probabilities.
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we only require that dicerencesz and X be observed, and regularity conditions (e.g., continuity
of z) are only be imposed onz; and xj, not on # and x;. In addition to these covariates, our
identi...cation only requires thatyy be observed, not the entire vector of outcomes/. This is
possible because provides information about the other outcomes. Nevertheless, the associated
estimators will be more e¢ cient by observing and making use of more the elements @f since
each additional outcomey; one observes provides additional overidentifying information.

Assumption 11 immediately implies

Priyo=1jz;X)=Fop, v, 21 x$ %z, x3%:z5 x9%z;X (S.A.5)
=Fepp ey Za X(:I). %z



Based on Assumptions 11 and 12, we have that if = ©,thendy( ;z ;X ) =0. Given some
regularity conditions, setting the function dy equal to zero at a collection of values ofz and
X provides enough equations to point identify °. The proof of Theorem S.A.1 is provided in

Section S.C.

Theorem S.A.1 If Assumptions | hold, then the parameter vector ©°2 s point identiCed by

DeOnition 1.

S.A.2 Identi...cation Using Multiple Choices

In Section A.1, we identi...ed the parameter vector ° using only derivatives of the conditional
mean of yo. Here we illustrate that identi...cation can be achieved using the conditional mean
of y; forany j 2 J. Later we will increase e¢ ciency of estimation by combining the identifying
moments based on each of the observed choicgs.

We now introduce some additional notation. For eachj 2 J, de...neX () as the matrix that
consists of dicerenced covariate vectors¢, % for all k 2 J and k 6=j. For example, when
1<j<d X (e ¥ Xk« Xj5iinxy x)°2 R 9. By this notation,

we haveX @ (%1 xq;:::;%3  Xxg) = X . In the same fashion, de..nel) 2 RJ as the vectorx






Proposition S.A.2  If Assumption |2 holds, then for every j 2 J and almost every X () 2S, (),
the conditional distribution function F.,(t0) j X 0)) admits an absolutely continuous density

function, ., (t0) j X 0)), which is centrally symmetric about the origin, i.e.,
fogy (X Oy = f.g,(t O jx Oy, (S.A.13)

for any vector t0) 2 S.,(X )) where S.,(X 1)) R 7.



of the left-hand sides of (S.A.15) and (S.A.16), that is,

di ( :20) o x () @E (y; jz0)=20) ;x0)=x 0 )=@%):::@2) (S.A17)
@E(yjjz(j): 7z @) 2x () ;XG):XG)):@%):::@Q);

which always equals zero when = ©° and may be non-zero when 6= °.

Then, analogous to De...nition 1, de...ne
n

Di() @D :xO)2int S,4 a0, o

(z O 2xO XxO)2int S,y 5 d( ;20 ;X0 )6=0:
(S.A.18)
Recall that there is a one-to-one correspondence, respectively, betweéh() and X , z0) and z,
and "0) and ". For every (z ;X ) 2 int(S . )) such that (z 2X ;X ) 210nt(S ), we
immediately have (z0) ;X 0) ) 2 int(S @ x ) and(z O 2x 0 x 0y 2inys 20 x )

as well asdj( ;z0) ;X 0))=0 ifand only if dj( ;z ;X )=0. Therefore, we can also use the

choice probability of any alternative in the choice set to achieve identi...cation.

S.A.3 Individual Heterogeneity and Random Coe¢ cient

Our identifying assumptions do not refer speci...cally to random coe¢ cients. Here we provide

su¢ cient conditions for our key identi...cation assumptions 11 and 12 to hold when unobserved



n= n °. Our symmetry assumption implies that ©° will also be the mean coe¢ cients, as
long as these means exist, but we dont impose this existencé.

We can rewrite the utility function (S.A.19) as Up = zy +xﬂj O+ " where"pj = ( nj +xﬁj n)
for j =1;:::;J3. Vector " = ( "n1;:::; ") is often called the composite error in the presence of
random coe¢ cients. By Theorem 2.1, if this composite error vectot, satis...es Assumptions I1
(Exclusion Restriction) and |12 (Central Symmetry), then  ©is point identi...ed under the regularity

conditions given by Assumptions 13-15. We now give su¢ cient conditions for 11 and 12 to hold

with random coe¢ cients.

Assumption RC

RC1: Conditional on almost every X 2 Sx , the covariate vector z is independent of(; );

zy)d the conditional distribution function of






to know exactly which covariates have random coe¢ cients and which do not. Last, our model
does not require thin tails or unimodality, unlike, e.g., normal random coe¢ cient MNP models'

One restriction we do impose is that we require one covariate in each choigg z;, not have
a random coe¢ cient. Setting the coe¢ cient of some covariateequal to one is often a natural,
economically meaningful normalization. For example, utility of choices are typically modeled
as bene..ts minus costs. Bene..ts may be subjective and so vary heterogeneously as in random
coet cients, while costs are often objective and ...xed. In these cagesould be a cost measure.
Examples are willingness to pay studies where the bene...ts equal the willingness to pay, and

consumer choice applications wherg; is the price of choicej. (See e.g., Bliemer and Rose 2013

for more discussion and example8) Nevertheless, we could also assume that, before normalizing,
the variable z has a random coe¢ cient, provided that the random coe¢ cient is the same for all
choices and is positive (this latter restriction is a special case of the hemisphere condition required
by semiparametric binary choice random coe¢ cient estimators. See, e.g., Gautier and Kitamura
2013). This restriction is needed because we cant allow renormalizations that would change any
individuals relative ranking of utilities. Note that in this case, we require our symmetry condition

to hold after renormalization, not before.



For each j, the function d;( ;z0) ;X () ) is well de...ned if both points(z() ;X () ) and
(z O 2x® ;X0 ) are in the interior of the support of covariates, S ).x 1),. For this
reason, we only wish to evaluate the functiond; ( :z0) :x 0)) at such points. This can be

achieved by multiplying each function d; ( ;z0) ;X () ) by a trimming function of the form

whereX 0)7 (X () ) gives the upper (lower) bound value that the indexX 0) can take. A sim-
ple choice for the function&() is& z0);x ) 1 jzO) ¥ 1 jx O ¢  wherethe
absolute value of a vector or matrix,j j, is de...ned as the corresponding vector or matrix of the ab-
solute values of each elementcg) 2 R is a vector of trimming constants for the covariate vector
z0), and Cg) 2 R7 Y is a matrix of trimming constants for the covariate matrix X () such that
cg ), Cg) is in the interior of the support of covariates S, (;,., (),- Denote S)§, X ;7 as
the largest set of valuez0) given —, _,andX ), suchthatsf, X 0);75_ int 5,5 X
We describe the regularity conditions on the trimming function in Assumption TR.

Assumption TR.  The trimming function z0);x 0):7: s strictly positive and bounded

on ST!

L0 X 0);7;7 int S, () , and is equal to zero on its complementary set fof = 0;:::;J.

Theorem S.B.1 If Assumptions | and TR hold, then (i) Q; () O forany 2 and (ii)

Q()=0ifandonlyif = °.

Theorem S.B.1 shows identi...cation based on the population objective function. Proofs is

available at authors’webpage.
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S.B.2 MD Estimator and Regularity Conditions

Next, we derive the sample objective function based on population objective function and the

asymptotic properties of the MD estimator. To ease notation, we denote the conditional means

£y 120 =i Q=X ZixD e ZiX D
Eyiz0= 2§ X xO=xP 2@ XK XQ e 20X

and function

@E yjz00 =20 x0O=x  @E yjjz0)=2z§ 2x¥ ;xO=xY

di(;z95x Q) - - - -
‘ @y af @y @

C@) L)) @) @) L6)x )

j0 n o~ n jics n o ~n

Where‘(J) zg);Xﬂ) @'j;o zﬂ);xﬂ) :@19-) @g)and‘m zﬂ);Xg); is de...ned in

jio j;cs

the similar way as ' J(JO) zﬂ);x ﬂ) . Now, consider a leave-one-out (LOO) Nadaraya-Watson

- ) @ e Mo Y K 20 K X )
(NW) estimator for 'yt as o, (1) = — Py S0k xO , Where
N 1 m=1;m6=n m m
] Q i - Q, O .
Kn z% =7l htk ht 29 candKy X% = L Tl hik bl X8
The properties of the kernel function k and those of the bandwidth h,  (h,; ;hz,)° and

hx



By replacing the expectation in Q; ( ) with its sample mean and function d; ( ;zﬂ ); X 9’) with
its LOO estimator d\, n ;zg );X ﬂ) , we de...ne the MD estimator

"2 argminQy; ( );

1 X h _ _ _ P
where  Qnj ()= 5 ;o zOx g, zZ0x D
n=1

We denote the gradient of the objective function asqy; ( ) = r Qn;j ( ) and the Hessian
matrix of the objective function as Hyj () = r oQn; ( ): The smoothness of the objec-

tive function suggests the ..rst-order condition (FOC):qy; A Oq. Applying the standard

...Ist-order Taylor expansion toqy; " around the true parameter vector ° yields an; no=

AN

dnj ( 9+ Hynj ~ °  where ~ is a vector between the MD estimator* and the true

parameter vector °. Then the injuence function will be given by

N h i1
°=  Hy T oy (9 (S.B.4)
We will showthat Hy; = ! pHj ( ©); where
. . . h . g
Hi(9=E 7 z0x$ r g %2z0x§ v d %z0:xP 5 (sBS)
and quNj (9! a N(@g j) where | is the probability limit of the variance-covariance

matrix of qy; ( 9). To obtain these properties, we assume the following regularity conditions.

Assumption E.

distribution.
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E2: The following smoothness conditions hold: (a) The density functionf; z0):x () js
continuous in the components ofz0) for all z0) 2 ST X 0):™:  and X () 2 int (Sx ).
In addition, f; z0); X 0) is bounded away from zero uniformly over its support. (b)
Functions f; z0);X0) g z0);x @) and'; z0);x0) ares(s J+1) times con-

tinuously dicerentiable in the components of z0) for all z0) 2 ST X 0):™:  and have

bounded derivatives.

E3: The kernel function k is anI-th (I 1) order bias-reducing kernel that satis...es (a)

k(u)= k(u ) foranyu



schitz conditions: for somem z0);.

@ o (2004 ) @ o (2001)
oy @) @l @)

<m Z(j);- ktk : W @' jes (z0)5)
(




(b) (Asymptotic Normality) The MD estimator is asymptotically normal, i.e.,

P N . 1 1

where matrix ; E tpty  and Hj

0
nj



would be equal, while under the alternative there must exist symmetric points where the densities
are not equal. Also under the null, our estimator is consistent. So a test could be constructed
based on the dicerence in error density estimates at many symmetry points (other than those
used for estimation), using our estimated parameters to construct symmetry points. More general
speci...cation tests could also be constructed, using the fact that our parameters are over identi...ed

when more than one choicg is observed.

S.C Proof of Identi...cation

Proof of Theorem S.A.1:  First, we show that Dg( °) is a set of measure zero. If not, assume
that there is a point (z ;X ) in set Do( °). By de...nition in equation (8), both points (z ;X )
and (z 2X %X ) arein setint(S (;.x ). By Assumptions I1, 12, and equations (5)-(7), we

have function
do( %z ;X )=(1) P[f+(z X °jX =X ) fo(z +X °jX =X )]=0;

which is a contradiction with de...nition in equation (8).

Next, we prove that Pr[(z ;X )2Dg( )] > Oforany 6= ° where 2 and parameter
space satis...es Assumption I3. Denote the seX( ) X 2Sx j X ( ©) 6=0g, which is a
collection of covariate values at whichX 6=X °. By Assumption 14(a) and the fact ©6=0q,

X ( ) is a subset in the support ofSx with positive measure, that is,
PriX 2X()]>0: (s.C.1)

Recall that we useX ¢ and X 4, respectively, to denote the continuous and discrete covariates

in X . We de...ne the interior of the support ofX asint (Sx )

X i X @) 28 cx )] Xc2int (Sx (X 4)) ;X 42Sx, . De..ne

n (0]
Sy () 2 X )2Sex) Z 28X ) X 2X()\int(Sx) ; (S.C.2)
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where$; (X ) satis...es Assumption I4(c). By construction, se§, x y( ) is a Lebesgue measurable
subset ofint(S (;.x ). Next we construct a subset in the support of covariates(z; X ) as follows:

n
|§0( ) (Z ; X )2§(z;x)(



S.D Monte Carlo Details

As discussed in the paper, our Monte Carlo design includes 4 data generating processes (DGPs).

Details of the distribution of each DGP are provided in Table 1.

Table 1: Designs of the Data Generating Processes (DGPs)

DGP Distribution of Distribution of "y
1 n :02 "nj = nj
2 h=0:2 "o = 3€X
— N w1
3 n=02+ 4 no= 2

where , = #,

4 n = 02+ n "nj =
where ,, = (&M + gn2) #,

NI

nj

Note: both #, and p; are standard normal random varaibles, and they are independent of each
other and all the covariates, and i.i.d. across the subscripted dimension(s).

For the MD estimator, we consider both the case where the researcher only observes whether
the outside option (i.e., alternative 0) is chosen, and so just minimizeQy o ( ), and the case where
the researcher also observes which alternative is chosen by each decision maker, and so minimizes
the sum of Qn;j () forj =0; 1;2. In all DGPs, each covariatez,; is a continuous uniform random
variable over the interval [ 9; 9] and Xy is a binary variable that takes value of2 or 2 with equal
probability for j = 1; 2. The covariates of alternative 0 are z,o = 0 and Xxn9 = 0. All the observed
covariates are independent of each other and are independent, identically distributed across the
subscripted dimension(s).

We use a grid search to compute our MD estimator over a parameter space $0:8; 0:8] with

the bin width of 0:05. In the estimation of choice probabilities we apply a truncated normal

density for the kernel function kn() with bandwidth h; = sd(zqj )N (122 | wherej = 1; 2. Our



are O(h®%) with s J +1 and O(Nh 20
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S.D Proofs Regarding Estimation

In this section, we provide the proofs of Theorems S.B.1-S.B.3 in Section S.B of the Supplementary
Appendix and their related lemmas. Speci...cally, Section S.D.1 provides the proof of Theorem
S.B.1 on the population sample objective function; Section S.D.2 collects preliminary lemmas
needed for the asympotic properties of the MD estimator de...ned in Section S.B.2; Section S.D.3
provides the proofs of Theorem S.B.2, the consistency of the MD estimator; and Section S.D.4
gives the proofs of Theorem S.B.3, the asymptotic linearity and normality of the estimator and
related lemmas. Throughout this appendix, we use the same notations and acronyms de...ned in

the main text.




S.D.1 Proof of the Population Objective Function

Proof of Theorem S.B.1 : Part (i) can be shown directly from the quadratic form of the
population objective function. We will explicitly prove that Part (ii) holds. To show the existence

of a minimizer, recall the population objective function

Qi () !



mentary Appendix Section S.A.1; and the second term equals to zero sinak

Q.E.D.



Proof of Lemma S.D.2:  The proofs for three terms are similar. We wil focus on the proof
for g zﬂ);X 9) . Other terms can be done in a similar fashion. First, by the fact that the

outcome come variables By the fact that the outcome variables are binary and functionf; is
bounded away from zero, applying the results of Lemma B.1 and Lemma B.2 in Newey (1994)
gives the ..rst equality in each equation. Second, the second equality follows from Asssumption

10 using Lemma 8.10 in Newey and McFadden (1994)Q.E.D.

De...nef’}(t) z0;x ) = @fj=@zy @gy be the derivative with respect to zg)), where

() — (D
Z(t) = 1:

Z15(t) »

;@2(2) be any t-element of z0). Similarly, we can de...ne‘j(t) z0):x 0)

gj<t> 20):x @) ,gj(t) 20):x 0) ,mj(t) 20):x 0) and'j(t) 20):x )

S |
t - ) t 0. ) _ InN _ _
i) (,)Sup fl}() Zg)’x ﬂ) fj() Zg)'x ﬂ) - Op NhJ+2t+Jq + hsN =0 N 4
zd ) x U) osTr ) N
(Z(]);X (J))
s_ !
O S0 .x0) g ,0.x0 = In N s 1=4
0 (.)Sup gj Zp' X g gj zp’ X g - Op NhJ+2t+Jq + hN = 0p N
zy’)xy) o2sTr oo N
no (z0)x 1)
s__ !
() i)y G () i)y G _ In' N s _ 1=4
0 (j)supT n z0):x O j 2O x O =0, R +hy =0 N
zy X w7 28T N

(z)x ()

Proof of Lemma S.D.3:  The proof follows the same method used in Lemm&.D.2. Q.E.D.



sup

() () oo Tr
Zn X 23(2(1)9( i)

InN
= Op

0 20x P



Condition (4) following Hong and Tamer (2003). We ...rst introduce an infeasible sample objective

function Qn;j ( ), de...ned as

1 X N h . . . . I 2
Qv ()= o o ZPXY d zix
Following the triangle inequality, we have
QN () ()i Q) Qnj () + Qn () Q(): (S.D.3)

Then, it is su¢ cient to show that the two terms on the right side of (S.D.3) go to zero uniformly,

thatis, () sup 2 Qnj () Qnj () =op(@)and(ii)sup 2 Qnj () Qi () = op(D).

For Part (i), we observe that

szur) Qnj () Qnj () (S.D.4)
1 X N h . . I

—SlZJp m - 12 Z(‘I),Xg) de,n 12(])1)(&) d]z ,Z(J),Xg)
1 X N . _

=S o o P EXE G seix® ed i
&, z0:x9 o ;z0;x0

C sup sup d.n ;z0:x®© g ;z0;xO =0(1):
2 () .y () '

ZnJ X nJ ZSZz(J),X (]))

The ...rst equality in (S.D.4) follows from de...nition and direct calculation. The second equality
holds by factorization. The next inequality is satis...ed by the fact that functions ; and d; are
boundedQEXS. The last equality follows the fact that

sup sup d.n ;z0x®9 g ;z00x®

2 () oy () oo Tr
Z zn "X 28(2(1);x )

is bounded by the product of a constant and the derivative functions shown by Lemma S.D.3.
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Part (ii) holds by showing pointwise convergence and stochastic equicontinuity. By the Law
of Large Numbers (LLN), we can directly obtain the pointwise convergence oRQn;j ( ) to Q; ( ).

Next we can conclude the uniformity by showing stochastic equicontinuity, that is,

sup Qvj @ Qv @ =o0@):
®. @2 il 1) 2 i

Following Andrews (1994), the stochastic equicontinuity can be shown by verifying thatQy; ( )

is the type Il class of function, satisfying the Lipschitz conditon Qn; @ Qn; @

Cii @  @jj. We verify that this holds from the continuity of the quadratic form of the objective
function and the continuity of the kernel derivative functions with bounded second derivatives.
Q.E.D.

S.D.4 Asymptotic Linearity and Normality of the MD Estimator

In this section, we ...rst show the lemmas that contribute to the proof of Theorem S.B.3

Lemma S.D.5 Under Assumptions I, TR and E, H y; ' pHj, where

h i o

Hi=E £ z05xP r g %20:xP r o °%z8x¥P

Proof of Lemma S.D.5: To show the desired result, we ...rst show that the following results

hold:
M HNy ~ =Hnj1 ~ +Hnj2 T where
AN ﬂix LIPS T S I T IR SRR
Hnjz ~ =l31_X :Izl j2 2O x O r g, ";zﬂ);Xg)hr d. . '";zﬂ);Xg)l 0;
(i) Haja ~ = 0p(1);and (i) Hyz ~ ! pHj.



The decomposition in Part (i) follows from direct calculation. For Part (ii), observe that

h i
Hnji ~ = Hnjza © 0 Hwnja (9 +Hyja (9= 0p(1)

Given that ~ lies between ° and ~, we get that ~ is uniformly consistent, and by applying the
Delta method for the continuity of the choice probability, we obtainthat H nji = H nj1 ( %) =

Op (1). Next, H Nj1 (






Next we calculate

Anji2 ( %) (S.D.7)

where
1X n B e i L@ !
A= X A0 ) 20X O
X i) () Q) ()% ) . @) 0)-x () )
j=1 1 Zn Xant T Toing ) ZnXat T Tieg) ZnsiXa Xnj
1 Xy N n) 0. ) !
A N L Z(J),Xﬂ) AJO;I’] Zﬂ),X(J) io Z(J),X(J)
X .
z0).x ) . . . -
j=1 noAn X.Y5 Td (OTj /TT21 Td (2)()Tj /TT3-249 T3(Tj /TT2 7.97 Tf ()Tj /TT3 7.97 Tf 7.177"

j.068 14.8



where j represents the choice of product and (j) represents the derivatives with respect toj

index. For A1, we have

1 X N h _ . N , _ . _ iy,
N ner z0):x O Aj(;o;)n z0);x 0 j(;o) 20):x 0
0 1,
NS j)- j e i). i _ -
% sup Aj(:O;)n 2§ x j(;o) z3)x ® § =0, N2

() oy () o Tr
Zn "X n ZS(Z(U;X M)



No (mitn) = ZRXR 0 ym gz

Nies (! mitn) = j n ; n ; Ymj jics n ; n ;
KO 28z O axP o kn x® x® gt oz O 2x® ox®)
whereK ) z{}) = Q|J=1 h? k® hi ZY) wherek® is the ..rst derivative of kernel

function.

Proof of Lemma S.D.7: We ...rst observe that

Anja ()= ,\1|X Y zhx @0 Gy %zdix @) (S.D.9)
:,jx Yoz e ) i A 2ix o
I [ T U N I R I I Y 1)

A0) g0 @ 0 D) Z0x O, o'
:l\llx :=1 20X O, onh-AJUo)n 20):x 0) Eh-Aj(%)n 20X 0 20 x 0)



The second, third and fourth equalities follows from adding and substracting terms. The last

equality holds by the fact that

h [
. (_)sup E '\j(;o?n z$:x ) 2. x 0) H j(;o) Zz(JE),xﬂ) = O(h%HR,)
23 x ZSZZF(”?X ) E @)
h o) . . . o) .
b, Sup E "een 20X 05 0 20ix ) e 295x s 0 = o0’
zid X 2sTr o
no n (Z(J);X (l))

_ _ h _ _ _ N
Next, to derive "‘j(.JO? n z,({ ); X ﬂ) E "\j(.‘l,.) n zﬂ );X g) zﬂ );X 2) , we observe that
0; 0; X
h . o ,
"‘j(-Jo-) n zﬂ ) x ﬂ); o £ "‘j(-Jo-) r?(H;]UnO)QQ%n g)ZTg(E)TTd 749 10840 6.51j-12.109 as10.93 (J9 .



Since each term is of ordelO, N ¥4 | thus Ry is of order O, N 2 . Denoting

will give the ...rst term of N.1 (! m;! n).
: h . . . .
In addition, to derive () zﬂ)'xﬂ)' o g ) zﬂ);x(”; 0 zﬂ);x(” , we ob-

Jics; n

serve that

KI,(]JZ) Z(r%) Z g) 2 Oxg) Kh Xr(Jn) Xﬂ) + RCS;l

where the second equality holds by the same argument fdﬁ1 , and R¢s:1 collects the higher order

terms from the decompostion off’}1 , with the order of O, N 1=2 py the same argument as

above. Denoting

Nest (! mitn) = zﬁ);xﬂ); °
o 3 , , , : ,
Wom KD W 2D 2D K X X

will give the second term of n:1(! m;! n).

Combining all the terms gives the desired results.Q.E.D.
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Lemma S.D.8 Under Assumptions E2-E5,

1 Xn XN "I—lth+ \ 122
m m=1 n=1;n6=m N (mitn) = N m=2 ™ Op

and

X N

N 12 tm ! aN Qg );

mj;cs)@ J_ Z%);X(rjﬁ); 0 =@%) @9)@ 2(0/TT10 10. Tf9.061 -1.637 Td () Tj /TT. 34T3 10.909 Tft9

wheret, = .
m = mio 6.109 Td (6.109 Td (6.1092908d (€09 Tf 21.606 5Tf 6.51580 1



h i

E Kk no (! mi!n)k? (S.D.10)
Z 2

= Kr(i) z8) z0 Ky, xO x®
h . . . . . . . o
XY 2 DX 22Xy 2ix D)

fi 28X £ 20x Pt 20x P2 20x ;0 dzdx §dz{dx §)

4 ‘ )
2T KO WD Ky, W)
h _ . .
Yz0ix w2 20 uPhx ) A uPhy
, . , _ [
20 z0:x© 20 uPhx A ubny

fi 20x® 2200 uPh,;x® A~ ulhy ;0 dz@dx Qaduddud)
1
-0 hNZJ J Jg -0 N Nhﬁ‘]” +rfJq - O(N);

where the ...rst equality in (S.D.10) follows from de...nitions; the second equality holds using a
change of variables; and the third equality is satis...ed by Assumptions E3 and E4. The desired

h i
result then follows from Assumption E4. Similarly, we can showE Kk n:.s (! m;! n)k2 = o(N).

Next we show that the second term in0, contributes to the asymptotic linearity and nor-
mality, while the ...rst and third terms are asymptotically negligible. In sum, we show that (i)
12y 1PN
E[ n(mitn)l= Elrna (P m)l = Elrn2(t )= 0 N V() & on= On2(tn)  Efrna(tn)l) =

_ I P =2 P
o N2 and (i) & Noy (ni(m) Elna(m))= NP Nt whereN 32 N

w1636 THIOD)-2



E[ N;o(! m;! n)]

E[E[ No (" mi!n)itnll

ii
KO 20 20 Kne X® XQ 1 2Pixp

- n

g L R Y LT LM 5§

i;o
Kr(i) ug) Kh, ug() £l ZQ);Xﬂ)

J

: . . _ , i
£ zO0+udh,x O+ r uPhy dullaud 1,

1l
m
IN

. . @' jo 28 +ulh i x P+ ubny oz X )
20):x () o

n )

z

O(hR):

In addition, we can show that E[ nis (! m;!'n)] = E[E[ nNies (! mi!tn)j!t nll = O(hy). Then it

implies that

ElNCmi! )l = El no (it n)l El Nes (Uit n)l= O(hR):
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Second, to show Part (ii) holds, by direct calculation, we have

rn2o(tn) = EL N (Pmitn)itnd (S.D.11)
h .
:E ] Z(J),X(r{), o ymJ 'J Z(r{)’xg)
) ' 1 |
Kp) z8 20 Ky x@ x§ ot z20:x P 1,
h . .
SE DX 0 e 20X ® e 20X D)
@) : i
K o Z(Aq) 20) K hy X%) Xﬂ) le Z(J),Xg) I
Z | @ o 20+ uPhx O+ n uOhy o zix O
- ()% () o
iZnnAan Q)

fi z0+udh;xO+r ubhy duaud
=0(hy)=0o N2

The last second equality follows from integration by parts and a Taylor expansion. We therefore

P -
getthat & pg (Pn2(Pn) Elrnz2(ln)) = 0p N 172
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where
2@ zix i oy zix

@y oy

Kh u

z

ro(! m) =



probability to zero. Note that

1 X N
pﬁ m=1 (ro(!m) Elro( m)) (S.D.15)
0 ) .
' ).y @)
X io Zm; X
B I ks
N m=1 @2) @2)
2 @' 20). 5 @) 31
E 4. 0).x0). 0o — 10 "M ga
] m m ) 0
@? of
LXKy @ R
W =1 mj J;0 m m @%) @g)
2 @ J Z(%);X(J)' ) 3
m m @2) @g)
and
1 X N
p= (es('m) Elres(t m)]) (S.D.16)
N m=1
0 . .
' (). G). o
X Zm i X m’;
T T Al
N m=1 @2) @g)



Then
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